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Abstract 

For the simplest case of a supermembrane matrix model, various symmetry reductions 
are given, with the fermionic contribution(s) (to an effective Schrodinger equation) 
corresponding to an attractive 5-function potential (towards zero-area configurations). 
The differential equations are real, and are shown not to admit square-integrable real 
solutions (even when allowing non- vanishing boundary conditions at infinity). Complex 
solutions, however, are not excluded by this argument. 



Independent of the questions, whether super membrane matrix models naturally incor- 
porate all topologies, as well as membrane interactions, it is important to find out 
whether zero energy bound states exist in these models, or not. I will address this 
question for the simplest such model, corresponding to a supermembrane in IR 1,3 , in 
a light-cone formulation and the two transverse embedding coordinates being repre- 
sented by 2x2 matrices. The condition for a zero energy state that it be annihilated 
by 2 hermitean supercharges (whose square gives the Hamiltonian) leads to a single 
(though singular) second order differential equation for one function of 6 variables. 
Up to this point - and slightly further (including the observation that the desired 
wavefunction would have to have non-vanishing directions at oo) the analysis was 
carried out in [1]. Commenting on some subtleties in the derivation (disappearence 
of the singularity when restricting to SU(2)-invariant wavef unctions, resp. conversion 
into boundary conditions, extra requirements coming from the square-integrability of 
the full wavefunction - including fermions) I want to study in more detail non-trivial 
boundary conditions and a further symmetry reduction to a differential equation in 2 
independent variables (whose bosonic part actually goes back more than 15 years [2]). 
While the energy lowering effect of the fermions corresponds to an attractive 5-function 
towards zero area configurations, square integrable, real, solutions nevertheless don't 
exist. The boundary conditions, however, arising from the singularity at zero area, 
are shown to be complex, thus in general coupling real and imaginary part of the 
wavefunction. 

In the case of SU(2), and in slightly different notation, the supercharge Q in [1] 
(eq. 4.29) reads: 



where <fi and q 2 m ay be thought of as the position vectors of two particles moving 
in IR 3 , and the A a (a = 1,2,3) are anticommuting variables which together with 



D a := — are satisfying {X a ,X b } = = {D a ,D b }, {D a ,X b } = 5%. As the (square 



Q = (Vi - iV 2 )D + i(g! x q 2 )X 




d 



of the) Mass (-operator) is equal to the anticommutator of Q with (:= (— Vi — 
iV 2 )A — i(<fi x q 2 )D) zero-mass states ^ would have to be annihilated by Q and . 
The Ansatz [1] 

^ = ^ + ie ahc ^ a \ b \ c (2) 



leads to the equations 



(Vi + iV 2 )^ = iqxip 

igY = (Vi-iV 2 )x^ (3) 

(Vi + iV 2 ) x <$ = 

q-tp = 

where q :— q\ x q 2 . For q ^ they imply 

(-V 2 + g 2 + (Vlng 2 )-V + 2^)^ = , (4) 

q 2 

as well as <fi • L — = q 2 • L, where L := — iq\ x Vi — iq\ x V 2 , V denotes the gradient 

in IR 6 , q := |gl x q 2 \ is the area spanned by the 2 particles (and the origin) in IR 3 , 

and lng 2 is actually harmonic. The simplicity of (4) could lead one to speculate that 

a similar equation may well hold for higher dimensional gauge groups (SU(N)) and 

arbitrary codimension (d > 2), with q being replaced by \/V — J— J2 Tr[Xi, Xj] 2 , or 

V 1 

even for the original continuous membrane, where \/V is the area of the actual surface 
embedded in d + 2 dimensional space-time. 

In any case, let us proceed with (4): though there exist more elegant techniques of 
symmetry reduction, it may be instructive to do it step by step, first letting ip depend 
only on 

ri-=\fq7, r 2 :=\[^i, x := cos < (q u q 2 ) . (5) 

(4) then becomes 

(-dl - dl - (1 - x 2 ) (1 + 1) dl + r\ r 2 2 (l - A 4, = (6) 



where the non-hermitean 'fermionic' term 

Vln, 2 • W = (2 fa + ^d 2 ) - 2 (± + (7) 

has exactly cancelled some corresponding terms in the kinetic piece. The finite part of 
the boundary (7*1 =0, r 2 = 0, x — ±1) of the domain on which (6) is defined precisely 
corresponds to q = 0, where (3) requires 

(Vi + iV 2 )V> = ftJdx - — d x } ip + n 2 — d x ip + in 2 (d 2 - -S^ + ini — d x ip = Q (8) 
V n J r 1 \ r 2 J r 2 

(Hi and n 2 are unit vectors into the direction of q\ and q 2 , respectively), as well as 

(Vi — iV 2 ) x ip — 0. However, due to the fact that ip has to be square-integrable, 

another important condition must hold: 

-> 2 




q 2 q 



■^(V 2 V^i^-ViVV 2 ^) <oo . (9) 



Assuming, for the moment, ip to be real (in principle, complex boundary conditions 
like (8) could couple the real and imaginary part of ip), (9) would imply 

7*7*7*(w + fe + ;?)*) <00 ' (10) 

0—1 v 7 ' 

forcing ip to be constant on the boundary r\ — 0, r 2 = 0, x = ±l. I will be interested 

in the case of this constant being non-zero (otherwise, (6) immediately implies ip = 0, 

as can be seen by dividing by (1 — x 2 ), multiplying by ip*, and integrating). Restricting 

now to wavefunctions that are also annihilated by 

L — (— — —~\ U-x 2 )d x + x(r 1 d 2 -r 2 d 1 ) (11) 

(the corresponding symmetry in the original variables is q\ + ig 2 — > e iQ (gl + i^), the 
only explicit remainder of Lorentz invariance) , 3 reasonable choices of reduced variables 
are 

/ 2 , 2 2r l r 2 VI - X 2 

r=^ r ( + ri y= (12) 

(having assumed ip(— x) = ±ip(x), and taking, e. g., Z = r\ — r\ as the variable on 
which ip should not depend) or [2] 



u = — + \/l — V 2 ='■ rcoscp =: rcos^ (13) 



in terms of which the conditions for a zero mass-state (apart from (9), resp. (10)) read: 
(-^- 1 -d r + ±[y + ^8 t -^(l-^),f y + \r'y^, = (14) 

oo 1 

J r 5 dr J ydy \ip\ 



I 2 ^ 

< OO 







-d 2 u -d 2 v + u 2 v 2 + ^±4(-9v--A))^ = (15) 



.2„.2 

"Uf 1 — r~ V V II 

oo 



J du j dvuv (u 2 — v 2 ^j \ip\ 2 < oo 



o o 



( d l_U r - l ^d 2 + \r\l- C os9) + -^—d e )^ = (16) 
V r r 2 8 rsintl / 



J r 5 dr J si 



sin^^l^l 2 < oo . 





Supposing (d x ip) \ x=0 = (even parity) one finds that the normal derivative of ip(u,v) 
(resp. dgif)) should vanish at u — v, resp. 6 = n (this could be used to extend the 
differential operator in (15) to the v > u > octant, with if) then vanishing on the 
half-lines v — and u — 0, while imposing ip(u,v) = ip(v,u)). In any case, let me 
mention various forms that eq. (15), Hip = 0, takes when conjugating if by a function, 
i. e. considering yfp H ^= for various p. In all cases, 

accordingly transformed, provides important additional information on the wavefunc- 
tion(s). Defining ip = ^uv{v? — v 2 ) ip, (15) can be written as 

1 u \ ( _ 1 « 



2-u u 2 — v 2 J \ 2u u 2 — v 

(d v + ^ 5-^1 (~9v + ^ - 



2i> u 2 — v 2 J \ 2v u 2 — v 

+ u 2 v 2 + 2^ + 2^_ 1 _ 1\ ~ = 

It V U z V 2 J 

oo u 

y (if |-0| 2 < oo , 
o o 



with ip now vanishing on the boundary (as long as ip was finite there). Multiplying (18) 
by if) (if real), and integrating, one gets positive contributions from the first 3 terms, 
+ u 2 v 2 ^tp, while getting — J du (^'0 2 )| Q from the remaining 4 
(which represent Vlng 2 V"0). Non-zero constant boundary conditions for ip{v = 0) 
(resp. if) ~ u^/uv) will make the negative integral diverge, implying that at least 
one of the positive integrals must also diverge. A less obvious change of measure, 

$ := V^?^ leads to { Wu + y]y + u2y2 + + £)) ^ = °' resp - 



, . . 3 / 1 . 1 \ u 2 + v 2 



^-^»v +it+;?j -^^o (i 9 ) 



/ 



u 2 v 2 l^l 2 < oo 



2_„2 



while in the variables q=uv, p= u v , one gets 



/jt?^ 00 - (20) 

/J) 
-(-0p + ipg)dpdq < oo. 

Let me finish by pointing out that the normalization condition, / r\r 2 \%l)\ 2 dr\dr 2 < oo, 
together with (10) and ip = 1 on x = ±1 is not possible, as (10) implies ift x — > for 
fixed ri, x close to 1, and r 2 — > oo, while r 2 |-0| 2 — > (for r 2 — > oo) implies ^ — > 0, 
hence a contradiction if ^ — > and -0 = 1 on x = 1. 
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